We study the maximum value of the difference between the metric dimension and the determining number of a graph as a function of its order. We develop a technique that uses functions related to locating-dominating sets to obtain lower and upper bounds on that maximum, and exact computations when restricting to some specific families of graphs. Our approach requires very diverse tools and connections with well-known objects in graph theory; among them: a classical result in graph domination by Ore, a Ramsey-type result by Erd} os and Szekeres, a polynomial time algorithm to compute distinguishing sets and determining sets of twin-free graphs, k-dominating sets, and matchings.
Observation 1.2. Let D be a distinguishing set of a graph G. Then, kðGÞ 6 jDj þ 1.
Every locating-dominating set D # VðGÞ is clearly a resolving set since each pair fx; yg # VðGÞ n D is distinguished by some vertex u 2 D and so either dðu; xÞ ¼ 1 < dðu; yÞ or dðu; yÞ ¼ 1 < dðu; xÞ. Thus, DetðGÞ 6 dimðGÞ 6 kðGÞ for every graph G.
Let ðk À DetÞðnÞ and kðnÞ be the maximum values of, respectively, kðGÞ À DetðGÞ and kðGÞ over all graphs G of order n. Note that the function kðnÞ equals n À 1 (attained by the complete graph K n ) but the non-trivial restriction of this function to the class C Ã of twin-free graphs (i.e., graphs that do not contain twin vertices, which are formally defined in SubSection 3.1), denoted by k j C Ã ðnÞ, will play an important role throughout the paper. Thus, ðdim À DetÞðnÞ 6 ðk À DetÞðnÞ 6 kðnÞ ¼ n À 1:
In Section 2, we find lower bounds on the functions ðdim À DetÞðnÞ and ðk À DetÞðnÞ by constructing appropriate families of graphs. In particular, we improve the lower bound of Proposition 1.1 and conjecture that these new bounds are precisely the exact expressions of those functions.
Section 3 develops a method to prove that k j C Ã ðnÞ is an upper bound on ðdim À DetÞðnÞ and ðk À DetÞðnÞ, which is a key result in our study. Moreover, we conjecture a formula for the function k j C Ã ðnÞ.
Sections 4 and 5 contain two explicit upper bounds on k j C Ã ðnÞ. Although the one in Section 5 gives a better approach, we believe that the technique used to obtain the bound in Section 4 has interest by its own and so it is worth to be included in this paper. This technique uses a variant of a classical theorem in domination theory due to Ore [28] , which lets us relate, for twin-free graphs, the locating-domination number with a series of classical graph parameters (following the same spirit as the relationships existing among different domination parameters; see [23] for a number of examples). The desired bound is then obtained by using those relations and a Ramsey-type result of Erd} os and Szekeres [16] .
Our second upper bound on k j C Ã ðnÞ appears in Section 5 and is, as far as we know, the best approach to the function ðdim À DetÞðnÞ. It is obtained by a greedy algorithm which produces distinguishing sets and determining sets of bounded size. This algorithm also gives an upper bound on the determining number of a twin-free graph.
In Section 6, we obtain exact expressions and bounds on the restrictions of the functions ðdim À DetÞðnÞ and ðk À DetÞðnÞ to the family of graphs not containing the cycle C 4 as a subgraph, and the subfamily of trees. To do this, we design tools of independent interest related to k-dominating sets and matchings. Our results on trees close the study initiated by Cáceres et al. [5] on the difference between the metric dimension and the determining number in this class of graphs.
We conclude the paper in Section 7 with some remarks and open problems.
Lower bounds on ðdim À DetÞðnÞ and ðk À DetÞðnÞ
Let T m with m P 6 be a tree that consists of a path ðu 1 ; . . . ; u m Þ and a pendant vertex u 0 adjacent to u 3 , and let G m be the corona product T m K 1 , i.e., the graph with vertex set VðG Lemma 2.1. For every m P 6, the following statements hold.
Proof. Since m P 6; AutðG m Þ is trivial and there is only one non-trivial automorphism of H m which maps v 0 onto v 0 0 . Thus, Statement (i) easily follows.
Every resolving set S of G m contains, for every 0 6 i 6 m but at most one, either vertex u i or vertex v i (note that, in G m ; dðu j ; v ' Þ ¼ dðv j ; v ' Þ ¼ 1 for all j -' and so the pair fu j ; u ' g is only distinguished by vertices u j ; u ' ; v j and v ' ). Hence Cáceres et al. [5] used the wheel graph W 1;n to obtain the lower bound of Proposition 1.1. Our graphs G m and H m (for appropriate m) improve that bound, and moreover, we also obtain a lower bound on ðk À DetÞðnÞ by using the graphs G m and H m . Theorem 2.3. For every n P 14, ðdim À DetÞðnÞ P n 2 j k À 1 and ðk À DetÞðnÞ P n 2 j k :
Proof. For each function, it suffices to give a graph of order n P 14 such that the difference between its corresponding parameters equals the bound of the statement. By Lemma 2.1, we can take the graphs Gn 2 À1 (n even) and HnÀ1 2 À1 (n odd) for the function ðdim À DetÞðnÞ; the graphs Gn 2 À1 (n even) and HnÀ1 2 À1 (n odd) yield the bound for ðk À DetÞðnÞ. Note that n P 14 since the graphs G m ; H m ; G m and H m are defined for m P 6. h We shall exhibit large classes of graphs C such that the maximum values of, respectively, dimðGÞ À DetðGÞ and kðGÞ À DetðGÞ over all graphs G 2 C of order n do not exceed n 2
Ä Å
. Thus, we believe that the preceding bounds are in fact the exact expressions of our functions.
Conjecture 1.
There exists a positive integer n 0 such that, for every n P n 0 , ðdim À DetÞðnÞ ¼ n 2 j k À 1 and ðk À DetÞðnÞ ¼ n 2 j k :
3. An upper bound on ðdim À DetÞðnÞ and ðk À DetÞðnÞ
This section is devoted to the proof of one of our main results: the functions ðdim À DetÞðnÞ and ðk À DetÞðnÞ are bounded above by k j C Ã ðnÞ. The main idea of this proof is that from every graph G one can obtain an adequate twin-free graph e G such that kðGÞ is bounded above by kð e GÞ plus some constant depending on the graphs.
The twin graph G Ã and the graph e G
The construction of our twin-free graph e G is based on the so called twin graph G Ã , which is obtained from a given graph G by identifying vertices with the same neighbourhood. This graph and its variations (depending on the choice of closed and/or open neighbourhoods) have been used to solve many problems in graph theory (see for instance [22, 29] ) since they completely characterize the original graph G. We begin by recalling its formal definition. Fig. 2 for an example).
Lemma 3.1 [26] . For every graph G, the following statements hold.
(i) The graph G Ã is independent of the choice of the representatives u i , i.e.,
(ii) Every class u Ã i either induces a complete subgraph or is an independent set in G.
A vertex u Fig. 2 ). For more properties of G Ã we refer the reader to [26] .
Let e G be the graph obtained from G Ã by adding a pendant vertex to every vertex u Ã i 2 VðG Ã Þ of type ðKNÞ that has a twin in G Ã (note that G Ã is not necessarily twin-free). Let Vð e GÞ ¼ VðG Ã Þ [ P where P denotes the set of pendant vertices adjacent to the u Ã i 's. Fig. 2 shows an example of this construction. Observe that now the notation u Ã represents a class in VðGÞ, a vertex of G Ã , and a vertex of e G. the labels indicate the type of vertex. The squared vertices in e G form the set P.
Using locating-dominating sets of twin-free graphs
In this section, we obtain the desired upper bound on the functions ðdim À DetÞðnÞ and ðk À DetÞðnÞ by using the locatingdomination number of our graph e G, which is proved to be twin-free in Lemma 3.4 below. Twin-free graphs are important for their own sake and also for their multiple applications (see for example [7, 22] ); here, their properties are fundamental for reaching Theorem 3.7 which is one of our main results. We begin with an observation and a series of lemmas. Lemma 3.3. Let G be a graph of order n such that G Ã has order r. Then, DetðGÞ P n À r:
In particular, kðGÞ À DetðGÞ 6 r À 1.
Proof. Given a class u Ã i of type ðKNÞ in VðGÞ and x; y 2 u Ã i , there is a non-trivial automorphism which maps x onto y and fixes the remaining vertices. Hence, every determining set S of G contains either vertex x or vertex y. Thus, one can deduce that S contains all but one vertex of each class of type ðKNÞ, i.e., jX G j ¼ n À r vertices. Therefore DetðGÞ P n À r, and combining this with kðGÞ 6 n À 1 yields kðGÞ À DetðGÞ 6 r À 1. h Lemma 3.4. Let G be a graph of order n such that G Ã is not isomorphic to K 2 . Then, the graph e G has order e n 6 n and is twin-free.
Proof. When obtaining G Ã from G, we ''lose'' at least one vertex per each class of type ðKNÞ. Further, to construct e G from G Ã we only have to add the set P whose cardinality is at most the number of vertices of type ðKNÞ. Hence, e n 6 n. Suppose now on the contrary that e G has a pair of twin vertices. Since by construction each vertex in P has a single distinct neighbour in VðG Ã Þ, those twin vertices are not both contained in P. If both belong to VðG Ã Þ, one can easily check that they are also twins in G Ã and, by Observation 3.2, at least one of them is of type ðKNÞ. Thus, they are distinguished in e G by the corresponding pendant vertex of P; a contradiction. Suppose now that just one of the twin vertices is in VðG Ã Þ; let u Ã i 2 VðG Ã Þ (for some 1 6 i 6 r) and v 2 P be those twin vertices.
Let N e G ðvÞ ¼ fu
Moreover, since v 2 P we have
and u Ã j would be twins in G Ã and so G Ã would be isomorphic to K 2 ). This implies that u
We now relate the locating-domination numbers of the graph G and its associated twin-free graph e G.
Lemma 3.5. Let G be a graph of order n such that G Ã has order r. Then, kðGÞ 6 kð e GÞ þ n À r:
In particular, kðGÞ À DetðGÞ 6 kð e GÞ.
Proof. Let e S be a minimum locating-dominating set of e G, and let e u 2 Vð e
, and if e u 2 P then there is a unique vertex u
For each case, consider the representative u i 2 VðGÞ of that class u Ã i , and the mapping p : Vð e GÞÀ!VðGÞ given by pðe uÞ ¼ u i . Clearly, the set pð e SÞ ¼ fpðe uÞje u 2 e Sg satisfies that jpð e SÞj 6 j e Sj ¼ kð e GÞ (it might be pðe uÞ ¼ pðe v Þ for e u 2 P and e v 2 N e G ðe uÞ).
Thus, to obtain the desired bound it suffices to prove that S ¼ pð e SÞ [ X G is a locating-dominating set of G (recall that
i n fu i gÞ and so jX G j ¼ n À r). We next show that S is a distinguishing set of G; a similar analysis (omitted for the sake of brevity) proves that S is also a dominating set.
Observe first that ðpðe uÞÞ Ã # S for every e u 2 e S. Now, let x; y 2 VðGÞ n S. Since x; y R X G then x Ã -y Ã and thus
Hence, there is a vertex e u 2 e S distinguishing fx Ã ; y Ã g in e G, and such that e u -
We have e u 2 VðG Ã Þ since if e u 2 P then one can assume, without loss of generality, that N e G ðe uÞ ¼ fx Ã g and so ðpðe uÞÞ
by Lemma 3.1, x 2 N G ðpðe uÞÞ and y R N G ðpðe uÞÞ (the opposite case is similar). This implies that S is a distinguishing set of G. Finally, by Lemma 3.3, DetðGÞ P n À r and so kðGÞ À DetðGÞ 6 kð e GÞ. h
Let ðdim À DetÞ j C ðnÞ; ðk À DetÞ j C ðnÞ and k j C ðnÞ denote the restrictions of our functions to a class of graphs C. Recall that C Ã is the class of twin-free graphs, and note that for that class, the functions can be considered for n P 4 since P 4 is the smallest twin-free graph.
Lemma 3.6. k j C Ã ðnÞ 6 k j C Ã ðn þ 1Þ.
Proof. We first prove that kðGÞ 6 kðHÞ for every graph H obtained by adding a pendant edge to a given graph G. Indeed, consider a minimum locating-dominating set S of H, and let uv 2 EðHÞ denote the pendant edge with u 2 VðHÞ n VðGÞ. If u R S then S # VðGÞ is also a locating-dominating set of G, and so kðGÞ 6 kðHÞ. Otherwise u 2 S, and S 0 ¼ ðS n fugÞ [ fvg is a locatingdominating set of G. Therefore, kðGÞ 6 jS 0 j 6 jSj ¼ kðHÞ.
Consider now a twin-free graph G of order n such that kðGÞ ¼ k j C Ã ðnÞ. Set H to be the graph obtained from G by adding a pendant vertex u to a vertex v 2 VðGÞ whose neighbours in G have degree at least 2. Note that to find such a vertex is possible since G is not the disjoint union of copies of K 1 or K 2 , which is neither connected nor twin-free. Hence, H has order n þ 1 and is twin-free. Moreover, kðGÞ 6 kðHÞ since H is obtained by adding a pendant edge to G. Therefore, k j C Ã ðnÞ 6 k j C Ã ðn þ 1Þ. h
We thus reach the main result of this section which, in particular, improves significantly Expression (1) in Section 1.
Theorem 3.7. For every n P 4, ðdim À DetÞðnÞ 6 ðk À DetÞðnÞ 6 k j C Ã ðnÞ:
Proof. Let G be a graph of order n such that kðGÞ À DetðGÞ ¼ ðk À DetÞðnÞ. Observe first that G Ã ÀK 2 ; otherwise, by Lemma 3.3, ðk À DetÞðnÞ ¼ kðGÞ À DetðGÞ 6 1 < n 2 Ä Å which contradicts Theorem 2.3. Thus, by Lemma 3.4, the graph e G is twin-free and e n ¼ jVð e GÞj 6 n. Hence, kð e GÞ 6 k j C Ã ðe nÞ 6 k j C Ã ðnÞ; ð2Þ
the last inequality being a consequence of Lemma 3.6. Further, Lemma 3.5 yields ðk À DetÞðnÞ ¼ kðGÞ À DetðGÞ 6 kð e GÞ:
The result follows combining Expressions (2) and (3). h Theorems 2.3 and 3.7 give k j C Ã ðnÞ P n 2 Ä Å and, throughout this paper, we shall find numerous conditions for a twin-free graph to satisfy kðGÞ 6 n 2
Ä Å
. Thus, we believe that the following conjecture, which implies most of Conjecture 1, is true.
Conjecture 2.
There exists a positive integer n 1 such that, for every n P n 1 ,
Theorem 3.7 implies that bounding the function k j C Ã ðnÞ yields bounds on ðdim À DetÞðnÞ and ðk À DetÞðnÞ. Thus, the following two sections are mainly concerned with the locating-domination number of twin-free graphs.
From minimal dominating sets to locating-dominating sets
In this section we present a variant of one of the first results in the field of domination theory due to Ore [28] (see [23] for an extensive bibliography on this very active area of graph theory) which lets us relate the locating-domination number of a twin-free graph G with the upper domination numbers and chromatic numbers of G and G, and the independence number and clique number of G. On the one hand, these relations produce sufficient conditions for G to verify kðGÞ P n 2
Ä Å
, giving thus support to Conjecture 2. On the other hand, by means of the last-mentioned relation and a classical result due to Erd} os and Szekeres [16] , we reach our first upper bound on the function k j C Ã ðnÞ.
A set D # VðGÞ is a minimal dominating set if no proper subset of D is a dominating set of G; minimal locating-dominating sets are defined analogously. The domination number cðGÞ is the minimum cardinality of a dominating set of G. 
a dominating set of G. Consequently, cðGÞ 6 n 2 Ä Å . Observe that if one could prove that the complement of every minimal locating-dominating set of a twin-free graph is a locating-dominating set then k j C Ã ðnÞ 6 n 2
, and by Theorems 2.3 and 3.7, k j C Ã ðnÞ P n 2 Ä Å . Thus, Conjecture 2 would be proved in the affirmative. Unfortunately, Fig. 3 shows that this property is not true in general for minimal locating-dominating sets of twin-free graphs. However, we can establish a similar relation between minimal dominating sets and locating-dominating sets.
Proof. By Theorem 4.3, kðGÞ 6 n À CðGÞ for every twin-free graph G. Further, Theorem 7 of [25] gives jkðGÞ À kðGÞj 6 1 and so kðGÞ 6 kðGÞ þ 1 6 n À CðGÞ þ 1 since G is also twin-free. Therefore, kðGÞ 6 minfn À CðGÞ; n À CðGÞ þ 1g. h
Recall that the independence number aðGÞ and the clique number xðGÞ are the maximum cardinality of an independent set and the maximum order of a complete subgraph of G, respectively. Proof. Every vertex in an independent set I of maximum cardinality aðGÞ has a neighbour in VðGÞ n I and so I is a dominating set of G. Moreover, by Theorem 4.1, the dominating set I is minimal since NðuÞ # VðGÞ n I for every u 2 I. Hence aðGÞ 6 CðGÞ, and analogously CðGÞ P aðGÞ ¼ xðGÞ. Combining these inequalities with Corollary 4.4, one obtains the desired bound since G is twin-free and so is G. h
The chromatic number of G, denoted by vðGÞ, is the smallest number of classes needed to partition VðGÞ such that no two adjacent vertices belong to the same class. A classical result in graph theory establishes that xðGÞ P 2vðGÞ À n for every graph G (see for instance [9] ). Thus, aðGÞ ¼ xðGÞ P 2vðGÞ À n and we can deduce the following result from Corollary 4.5. . Fig. 3 . A twin-free graph of order 5k that consists of k paths of length 4, each hanging from a vertex of a path on k P 1 vertices. This graph has a minimal locating-dominating set (depicted as squared vertices) of cardinality 3k, whose complement is not a locating-dominating set.
Erd} os and Szekeres [16] proved that every graph of order n contains either an independent set or a complete subgraph with at least d log 2 n 2 e vertices. This and Corollary 4.5 give our first upper bound on k j C Ã ðnÞ which, by Theorem 3.7, is also a bound on the functions ðdim À DetÞðnÞ and ðk À DetÞðnÞ.
Corollary 4.7. For every n P 4, ðdim À DetÞðnÞ 6 ðk À DetÞðnÞ 6 k j C Ã ðnÞ 6 n À log 2 n 2
Observe that the preceding bound improves significantly the upper bound of Proposition 1.1, due to Cáceres et al. [5] .
A greedy algorithm to compute distinguishing sets and determining sets of twin-free graphs
Babai [1] introduced distinguishing sets to study the graph isomorphism problem; he proved that deciding whether a graph G of order n is isomorphic to any other graph can be done in oðn dþ3 Þ time whenever G has a distinguishing set of size d. As a consequence of one of his results, concretely the following lemma, we obtain Observation 5.2 below, which also supports Conjecture 2.
Lemma 5.1 [1] . Let G be a graph of order n and let M be such that jNðxÞDNðyÞj P M for any x; y 2 VðGÞ. Then, G has a distinguishing set of cardinality at most 2n log n Mþ2 l m provided that M > 4 log n.
Note that the condition of Lemma 5.1 on the symmetric difference NðxÞDNðyÞ implies, in particular, that the graph G is twin-free (as those of Conjecture 2). Further, when n P 32 and M > 4 log n, Lemma 5.1 and Observation 1.2 give kðGÞ 6 2n log n Mþ2
Observation 5.2. A graph G of order n P 32 satisfies that kðGÞ 6 n 2 Ä Å whenever jNðxÞDNðyÞj > 4 log n for every x; y 2 VðGÞ. By Procedure GREEDY-PARTITION below, we can also obtain distinguishing sets of bounded size but (unlike in Lemma 5.1) imposing no restriction on the twin-free graph G. This is a polynomial time algorithm that, in addition, produces determining sets of bounded size. Its restriction to a specific family of graphs (concretely twin-free graphs) is natural since Colbourn et al. [13] showed that computing the locating-domination number of an arbitrary graph is NP-hard. We first require some notation. The following lemma says that combining the sets A; B; C properly, one obtains, as it was mentioned before, distinguishing sets and determining sets of bounded size. That A [ B is a distinguishing set follows from the fact that G is twin-free and so, in particular, every pair fx; yg # ðVðGÞ n ðA [ BÞÞ ¼ C is distinguished by some vertex u 2 VðGÞ n fx; yg. Further, vertex u either belongs to A (if ½x A -½y A ) or belongs to B (if ½x A ¼ ½y A ).
It remains to prove that B [ C is a distinguishing set. To do this, let A ¼ fx 1 ; . . . ; x jAj g whose elements are ordered as they appear in Procedure GREEDY-PARTITION; we next show that every pair fx i ; x j g with i < j is distinguished by some vertex in B [ C.
Vertex x j comes from a vertex u 2 C that is added to A (at Step 2(a) of Procedure GREEDY-PARTITION) when a class ½x fx 1 ;...;x jÀ1 g ¼ ½y fx 1 ;...;x jÀ1 g (for some x; y 2 C) can be split into two distinct classes ½x fx 1 ;...;x jÀ1 ;x j g and ½y fx 1 ;...;x jÀ1 ;x j g . Hence, every pair fz; tg with z 2 ½x fx 1 ;...;x j g and t 2 ½y fx 1 ;...;x j g is distinguished by x j and not by x 1 ; . . . ; x jÀ1 . Thus, fz; tg is not contained in fx 1 ; . . . ; x j g, and moreover the pair fx i ; x j g with i < j is distinguished by either z or t. In the following steps of the procedure, it might happen that z ¼ x ' with ' > j (analogous for vertex t) and so, at the end of the process, vertex z would not belong to B [ C but to A. In this case, z can be replaced by another vertex z 0 2 B [ C that plays the same role than z. This comes from the fact that when a vertex in C goes to A (at Step 2(a) of the process), the remaining vertices of its class (which has cardinality at least 2) either go to the corresponding set B or stay in the corresponding set C; one of those vertices can be taken as z 0 . Therefore, at the end of the process, we obtain two sets B; C such that B [ C is a distinguishing set of G, and so Statement (i) follows.
Observe now that every distinguishing set is a resolving set and so also a determining set. Thus, Statement ( 
The following corollary combines Theorems 2.3, 3.7 and 5.4 providing, as far as we know, the best approach to Problem 1.
Corollary 5.5. For every n P 14,
Again, by the pigeonhole principle, it follows that either A or B [ C has cardinality at most n 2 Ä Å . Hence, by Statement (ii) of Lemma 5.3, we obtain the following. Theorem 5.6. Let G be a twin-free graph of order n P 4. Then, there exists a determining set of G of cardinality at most n 2
Ä Å
, which can be computed in polynomial time. In particular, DetðGÞ 6 n 2 j k :
We conclude this section with two remarks on the bound of Theorem 5.6. On the one hand, we do not know if that bound is tight although we have already found a tree that has determining number n 2 Ä Å À 1 (see Fig. 4 ). On the other hand, the bound is explicit; this is important since Gibbons and Laison [20] gave an algorithm that for an arbitrary graph G of order n, returns a determining set of cardinality OðDetðGÞ log log nÞ. 
Restriction to specific families of graphs
In this section we study the functions ðdim À DetÞðnÞ and ðk À DetÞðnÞ restricted to the class C 4 of graphs not containing the cycle C 4 as a subgraph, and also to the subclass T of trees. Concretely, we compute ðk À DetÞ j C 4 ðnÞ, and both functions restricted to T ; we also obtain bounds on ðdim À DetÞ j C 4 ðnÞ. The main tool used for our approach is a study relating k-dominating sets and matchings to locating-dominating sets, which contains results of independent interest. Theorem 6.11 below closes the study initiated by Cáceres et al. [5] on the difference between the metric dimension and the determining number of trees. The concept of k-dominating set was introduced by Fink and Jacobson [19] as a natural generalization of dominating sets, and has since been intensively studied (see [10] for references on this type of domination). In particular, the k-domination number c k ðGÞ has been related to many graph parameters; among them, the path covering number [14] , the order and the minimum degree [18] , and the j-dependence number [19] . Here, we prove that kðGÞ 6 c k ðGÞ for k P 2 and G in the class K 2;k of graphs not containing the complete bipartite graph K 2;k as a subgraph. Observe that, by definition, c 1 ðGÞ ¼ cðGÞ 6 kðGÞ for every graph G. Proof. Let y 2 VðGÞ n D and A # NðxÞ \ D such that jAj ¼ k. Clearly, some vertex in A distinguishes fx; yg; otherwise A # NðyÞ and so the induced subgraph by A [ fx; yg would contain a copy of K 2;k . h As a consequence of Lemma 6.1, if G 2 K 2;k then every k-dominating set of G is a locating-dominating set and so kðGÞ 6 c k ðGÞ for k P 2; Fig. 5 shows that the converse is not true. Further, as it was mentioned before, cðGÞ 6 kðGÞ, and it is proved in [11] that c k ðGÞ 6 k kþ1 n for every graph G such that k 6 dðGÞ. Thus, we obtain the following. Proposition 6.2. For every G 2 K 2;k with k P 2 it holds that cðGÞ 6 kðGÞ 6 c k ðGÞ:
In particular, kðGÞ 6 b k kþ1 nc whenever k 6 dðGÞ. Our next aim is to relate the locating-domination number kðGÞ of a twin-free graph G 2 K 2;2 ¼ C 4 to its matching number a 0 ðGÞ, which is the cardinality of a maximum matching in G. Thus, we follow the same spirit of other relationships that have been established between the matching number and domination parameters (see for instance [3, 12, 24] ). We begin with some notation and two lemmas.
Edges of a graph G will now be considered as 2-subsets of VðGÞ and so we shall write fu; vg for an edge, NðxÞ # e 2 EðGÞ to indicate that the neighbours of a vertex x are either one or the two endpoints of the edge e, etc. Let M be a matching in G, and let M denote the set of vertices of G which are endpoints of no edge in M. By definition, if M is maximum then M is an independent set (which may be empty). Ä Å paths of length 3 with a common endpoint. It belongs to the class K2;2, and has a locating-dominating set (illustrated with squared vertices) which is not a 2-dominating set.
Proof. It suffices to prove that there is no edge fu; vg 2 M and distinct vertices x; y 2 M such that x 2 NðuÞ and y 2 NðvÞ. Indeed, if it would be the case that there exist such an edge fu; vg 2 M and vertices x; y 2 M, the matching ðM n fu; vgÞ [ ffu; xg; fv; ygg would have more edges than M which is maximum; a contradiction. h Let U M ¼ fx 2 MjNðxÞ # e for some e 2 Mg. When M is a maximum matching, all vertices x 2 M with dðxÞ ¼ 1 belong to the set U M .
Lemma 6.4. For every twin-free graph G, there exists a polynomial-time computable maximum matching M in G such that U M ¼ ;.
Proof. Consider a maximum matching M in G, and its associated set U M . Observe first that no two distinct vertices x; y 2 U M satisfy that NðxÞ; NðyÞ # e for any edge e 2 M (otherwise Lemma 6.3 yields NðxÞ ¼ NðyÞ, which contradicts the fact that G is twin-free). Thus, when M is maximum, two distinct vertices x; y 2 U M have different associated edges e; f 2 M. If U M -; then there exist a vertex x 2 M and an edge e ¼ fu; vg 2 M such that NðxÞ # e. Assume, without loss of generality, that u 2 NðxÞ. We next prove that the maximum matching M 0 ¼ ðM n fegÞ [ ffu; xgg verifies that U M 0 ¼ U M n fxg. Let y 2 U M n fxg. Since y 2 M n fxg # M 0 has an associated edge f in M (i.e., NðyÞ # f 2 M) which is not edge e, then f 2 M 0 and so
Suppose first that f ¼ fu; xg and y -v. Then, y R NðxÞ # e and so NðyÞ ¼ fug. Further x R NðvÞ; otherwise the intersections NðuÞ \ M and NðvÞ \ M contradict Lemma 6.3. Hence NðxÞ ¼ NðyÞ ¼ fug, which is a contradiction since G is twin-free.
Assume now that f ¼ fu; xg and y ¼ v. Since NðxÞ # e and NðyÞ # f then either NðvÞ ¼ NðxÞ ¼ fug or N½v ¼ N½x ¼ fu; v; xg; again a contradiction. Therefore, f 2 M n feg and y 2 U M n fxg (note that y -v since e; f 2 M).
We have constructed a maximum matching M 0 such that U M 0 ¼ U M n fxg. Iterating this process, the result follows. The time complexity comes from the construction of the maximum matching M in G (see [15] ) and the above iteration process. h
We now reach the desired relationship between the locating-domination number kðGÞ and the matching number a 0 ðGÞ for twin-free graphs G 2 C 4 . Proof. Let M be a maximum matching in G obtained from Lemma 6.4, i.e., U M ¼ ;. Consider a partition of VðGÞ into three subsets, the already defined set M (recall that this set may be empty), and sets V 1 and V 2 that consist of the endpoints of the edges in M: one endpoint of each edge in V 1 and the other in V 2 . We can assume, without loss of generality, that if x 2 M and e ¼ fu; vg 2 M such that NðxÞ \ e ¼ fug then u 2 V 1 and v 2 V 2 . Thus, if e ¼ fu; vg 2 M verifies that NðuÞ \ M -; and NðvÞ \ M ¼ ; then u 2 V 1 and v 2 V 2 (recall the different possibilities of intersection between M and the edges in M given in Lemma 6.3). We now prove that V 1 is a locating-dominating set of G and so the result follows since
Ä Å . By construction, V 1 is a dominating set of G. Moreover, every vertex x 2 M is 2-dominated by V 1 since U M ¼ ; and so NðxÞ intersects at least two distinct edges in M; each intersection is one vertex that belongs to V 1 .
To prove that V 1 is a distinguishing set, it suffices to show that every pair fx; yg # V 2 [ M is distinguished by some vertex in V 1 . If either vertex x or vertex y is in M then, by Lemma 6.1, the result follows since G 2 C 4 ¼ K 2;2 and every vertex of M is 2-dominated by V 1 . Assume now that x; y 2 V 2 , and let u; v 2 V 1 such that fu; xg; fv; yg 2 M. Since G 2 C 4 then either vertex u or vertex v distinguishes fx; yg; otherwise G would contain the cycle ðu; x; v; yÞ. h
Graphs not containing C 4 as a subgraph
As a consequence of Proposition 6.2 (setting k ¼ 2), the function ðk À DetÞðnÞ restricted to the set of graphs in C 4 with minimum degree at least 2 can be bounded above by b 2 3 nc; essentially the same upper bound on ðk À DetÞðnÞ (and so on ðdim À DetÞðnÞ) of Corollary 5.5. However, we can improve this bound, and even more: compute the function ðk À DetÞ j C 4 ðnÞ and give better bounds on ðdim À DetÞ j C 4 ðnÞ; these results support Conjecture 1.
Theorem 6.6. For every n P 14, it holds that ðk À DetÞ j C 4 ðnÞ ¼ n 2 j k :
Given a tree T, a vertex of degree at least 3 is called a major vertex of T. A pendant vertex v is a terminal vertex of a major vertex u if the major vertex closest to v in T is u. The terminal degree of a major vertex u, denoted by terðuÞ, is the number of terminal vertices of u. A major vertex u is an exterior major vertex of T if it has positive terminal degree in T. The set of exterior major vertices of T is denoted by ExðTÞ.
The following proposition shows a well-known formula to compute the metric dimension of a tree, that together with the two lemmas below will be used to prove Theorem 6.11, which is one of the main results in this section.
Theorem 6.12. For every n P 14, it holds that ðk À DetÞ j T ðnÞ ¼ n 2 j k :
Concluding remarks
We have used locating-dominating sets to study the function ðdim À DetÞðnÞ, and thus approach Problem 1 posed by Boutin [4] . Our technique involves a study on the functions ðk À DetÞðnÞ and k j C Ã ðnÞ, for which we require a remarkable number of tools that go from results by Ore, and Erd} os and Szekeres to matchings, k-domination, and the design of a polynomial time algorithm to obtain distinguishing sets and determining sets of twin-free graphs. We want to stress that many of the results obtained in this paper and used here as tools, are of independent interest.
Our approach produces a series of lower and upper bounds on the different functions handled in the paper, which for ðdim À DetÞðnÞ, improve significantly the best result known to date regarding Problem 1, due to Cáceres et al. [5] . We also note the interesting upper bound on the determining number of a twin-free graph. Further, we study the restriction of our functions to specific families of graphs obtaining, in particular, exact computations for trees. This closes the study initiated by Cáceres et al. [5] on the difference between the metric dimension and the determining number of this family of graphs.
It would be interesting to settle Conjectures 1 and 2, which deal with the exact expressions of our functions. Also, it remains open the computation of ðdim À DetÞ j C 4 ðnÞ. Further, it would be of interest to find specific families of graphs F where the functions ðdim À DetÞ j F ðnÞ and ðk À DetÞ j F ðnÞ may be computed. Finally, the maximum value of the difference between the locating-domination number and the metric dimension is still unknown and a study on this function may be proposed.
